The B * c → B u,d,s V , B u,d,s P decays are investigated with the QCD factorization approach, where to O(10 −7 ), which might be measurable in the future LHC experiments.
I. INTRODUCTION
The vector B * c meson, a spin-triplet ground state, consists of two heavy quarks with different flavor numbers B = C = ±1, i.e.,bc for B As is well known, there exist some hierarchical structures among the Cabibbo-KobayashiMaskawa (CKM) matrix elements. The CKM coupling strength for the bottom quark weak decay is proportional to |V cb | ∼ O(λ 2 ) or |V ub | ∼ O(λ 3 ), while the CKM coupling strength for the charm quark weak decay is proportional to |V cs | ∼ O(1) or |V cd | ∼ O(λ), with the Wolfenstein parameter λ ≈ 0.2 [15] . The B q (q = u, d, s) weak decays are induced dominantly by the bottom quark decay with the phenomenological spectator scheme. The B * c → B q V , B q P decays are actually induced by the charm quark weak decay, where V and P denote respectively the lightest 9-pelts SU(3) vector and pseudoscalar mesons. With respect to the B q weak decays, the B * c → B q V , B q P decays are favored by the CKM matrix elements. In this paper, we will study the B * c → B u,d,s V , B u,d,s P weak decays with the QCD factorization (QCDF) approach [16] [17] [18] [19] [20] [21] [22] [23] [24] , in order to provide an available reference for the future experimental investigation. There is a more than 2.0 σ discrepancy between the value for CKM matrix element |V cs | obtained from semileptonic D decays and that from leptonic D s decays a [15] . The B ( * ) c → B s V , B s P decays, together with semileptonic D decays and leptonic D s decays, will provide |V cs | with more stringent constraints. In addition, some of the B c weak decays, for example, the B c → B s π decay [25] , have been measured now. One possible background might come from the B * c decays, due to a slightly larger production cross section σ(B * c ) than σ(B c ) in hadronic collisions [11] [12] [13] [14] , and the nearly equal mass m B * CKM factor V * cb V ub ∼ O(λ 5 ) and therefore negligible in the actual calculation of branching ratio [7] , only the contributions of tree operators are considered here. ( 2) The participation of the strong interaction, especially, the nonperturbative QCD effects, makes the theoretical treatment of HME very complicated. The main problem at this stage is how to effectively factorize HME into hard and soft parts, and how to evaluate HME properly.
B. Hadronic matrix elements
Hadronic matrix elements might be the most intricate part in the calculation of heavy flavor weak decay, due to the entanglement of perturbative and nonperturbative contributions.
Phenomenologically, one has to turn to some approximation and assumption, which bring uncertainties and model dependence to theoretical predictions. A simple approximation is the naive factorization ansatz (NF) according to Bjorken's color transparency argument, which says that the colorless energetic hadron has flown away from the weak interaction point during the formation time of the emission hadron [27] . With the NF approach, HME is parameterized as a product of decay constants and hadron transition form factors [28] [29] [30] [31] .
A major flaw of the NF approach is the disappearance of scale dependence and strong phases from HME, which results directly in a scale-sensitive nonphysical prediction and none of CP violation for nonleptonic meson weak decays. In order to overcome these shortcomings of the NF approach, nonfactorizable contributions to HME should be carefully considered, as commonly recognized. Some QCD-inspired models, such as, the QCDF approach [16] [17] [18] [19] [20] [21] [22] [23] [24] , the soft and collinear effective theory [32] [33] [34] [35] [36] [37] [38] [39] , the perturbative QCD approach [40] [41] [42] , and so on, have been developed recently, based on the Lepage-Brodsky treatment on exclusive processes [43] and some power counting rules in the expansion in α s and Λ QCD /m Q , where α s is the strong coupling, Λ QCD is the QCD characteristic scale, and m Q is the mass of a heavy quark. In these QCD-inspired models, HME is generally written as a convolution integral of hadron's distribution amplitudes (DAs) and hard rescattering kernels. A virtue of the QCDF approach is that the NF's result can be reproduced, if both the nonfactorizable contributions and the power suppressed contributions are neglected [16] [17] [18] [19] [20] [21] .
For the B * c → B q V , B q P decays (q = u, d, s), the spectator quark is a heavy quark -the bottom quark. It is generally assumed that the bottom quark in both the B * c and B q mesons is nearly on shell, and that the gluon exchanged between the heavy spectator quark and other quarks is soft. The virtuality of emission gluon from the spectator quark is of order Λ 2 QCD . The contributions of spectator scattering are power suppressed relative to the leading order contributions [17] . In addition, it is supposed that the recoiled B q meson should move slowly in the rest frame of the B * c meson. There should be a large overlap between the B * c and B q mesons. The recoiled B q meson cannot be clearly factorized from the B * c B q system due to the soft and nonperturbative contributions. The B * c B q system should be parameterized by some physical from factors. Hence, with the QCDF approach, up to leading power corrections of order Λ QCD /m Q , hadronic matrix elements have the following structure [17] ,
where f M is the decay constant for the light final M (≡ V and P ) meson; F B * c →Bq j is a transition form factor; H ij (x) is a hard rescattering kernel; φ(x) is a DA of parton momentum fraction x. For the light pseudoscalar P and longitudinally polarized vector V mesons, the leading twist DAs are expanded in terms of the Gegenbauer polynomials [44, 45] 
is a nonperturbative parameter, also called the Gegenbauer moment.
The expressions for the Gegenbauer polynomials C 3/2 n (z) are 
C. Decay amplitudes
The typical Feynman diagrams for the B * c → B s π decay within the QCDF framework are shown in Fig.1 , where no hard gluons are exchanged between the spectator quark and other partons. There is no gluon exchange in factorizable topology of Fig.1(a) , so the emitted hadron matrix element is entirely separated from that of the B * c B s system. In this approximation, the hard rescattering kernel H ij = 1 and the integral in Eq.(9) reduces to the normalization condition for distribution amplitude. According to the QCDF power counting rules, the leading order contributions come from the factorizable topology of Fig.1(a) , and recover the NF's results at the order of α 0 s . For the radiative correction diagrams in Fig.1 (be), hard gluons are exchanged between the emission meson and the B * c B s system. The hard rescattering kernel H ij and x-integral in Eq. (9) are nontrivial. It has already been shown [17] [18] [19] [20] [21] that although both collinear and soft divergences exist for each of diagrams in Fig.1 (be), infrared divergences cancel after summing up the vertex corrections. The strong phases could then come from HME. The renormalization scale µ dependence of HME is recuperated from the nonfactorizable contributions, which will reduce partly the µ-dependence of Wilson coefficients.
After a straightforward calculation using the QCDF master formula Eq.(9), the amplitudes for the B * c → B q M decays (q = u, d, s) are written as
With the naive dimensional regularization scheme, the effective coefficients are [17] [18] [19] [20] [21] :
where N c = 3 and C F = 4/3; C Table I . There are some comments on the coefficients a 1,2 . (1) The first two terms on the right hand side of Eq. (14) and Eq. (15) (14) and Eq. (15) could be sizable to branching rates of the a 2 -dominated heavy flavor decays. The coefficients a 1,2 contain strong phases via the imaginary parts of vertex corrections. Correspondingly, strong scattering phase of
This argument is also confirmed by the numerical results for a 1,2 in Table I . (4) With the QCDF approach, nonfactorizable radiative corrections to HME occur first at order α s as well as the leading strong phases at order α s . In addition, it should be pointed out that nonfactorizable power corrections beyond leading order are neglected here.
For the charm quark decay, power Λ QCD /m c is comparable to α s . The strong phases due to soft (hard) interactions are of order Λ QCD /m c (α s ). One should not expect these phases to have great precision, as stated in Ref. [17] . (5) With the QCDF approach, the values for a 1,2 are close to those for the charm quark decay [46] [47] [48] [49] [50] , |a 1,2 | ≈ |C 1,2 |, and basically consistent with those of the large-N c approach [46] . The hadronic matrix elements of diquark current operators are defined as [30] :
where f V and f P are the decay constants of vector V and pseudoscalar P mesons, respectively; q = p 1 − p 2 ; ǫ is the polarization vector of vector mesons; V (q 2 ) and A 0,1,2,3 (q 2 ) are the B * c → B q transition form factors. To eliminate singularities at the pole of q 2 = 0, a relation, A 0 (0) = A 3 (0), is required, with A 3 (q 2 ) given by [30] :
In the bottom conservation transition B * c → B q , both the initial and final mesons contain a heavy bottom quark. After a sudden kick, the B q meson would move slowly, even remain nearly intact, with respect to the B * c meson. Therefore, the zero-recoil configuration (q 2 = 0) would be a good approximation. Simultaneously, the emission meson would take up most of the energy available and fly rapidly away from the interaction point. This fact not only reproduces the NF scenario ( Fig.1(a) ) but also requires the exchanged gluon in vertex corrections ( Fig.1(b-e) ) to be hard. Due to the large virtuality of gluon exchanged between the emitted light meson and the B * c B q system, perturbative calculation of nonfactorizable vertex corrections with the QCDF approach should be applicable and reliable.
With the form factors given above, the decay amplitudes are expressed as
The B * c → B q V decay amplitude is a sum of S-, P -, D-wave amplitudes [51, 52] , i.e.,
with a, b, c, the S-, D-and P -wave amplitudes respectively, in the notation of [52] ,
From the above expressions, one can find that the P -and D-wave amplitudes are suppressed by a factor of
+m Bq ) 2 relative to the S-wave amplitude. The relations among the helicity amplitudes and the S-, P -, D-wave amplitudes are [52] 
where p cm is the common momentum of final states in the rest frame of the B * c meson. We assume that the vector mesons are ideally mixed in the singlet-octet basis, i.e., φ = ss and ω = (uū + dd)/ √ 2. As for the pseudoscalar η and η ′ mesons, they are usually written as a linear superposition of states in either flavor basis or the singlet-octet basis. Here, we adopt the quark flavor basis description proposed in Ref. [53] , i.e.,
where η q = (uū + dd)/ √ 2 and η s = ss; the mixing angle φ ≈ (39.3±1.0)
• [53] . Due to the symmetric flavor configurations of both η q and η s states, we assume that DAs for η q and η s states are similar to DAs for pion. It should be pointed out that the contributions from possible cc and gluonium compositions are not considered in our calculation for the moment, because (1) the final states with B q meson and cc or gluonium states lie above the B * c meson mass; (2) the fraction of gluonium components in η and η ′ is rather tiny [54] . Thus, the amplitudes for the B * c → B u η, B u η ′ decays are written as Here, we will employ the Wirbel-Stech-Bauer model [30] for evaluating the form factors.
With a factorization of spin and spatial motion, wave function is written as
where k ⊥ and x are the transverse momentum and longitudinal momentum fraction, respectively; j (s) is the total angular momentum (spin); j z (s z ) is the magnetic quantum number; 
where parameter ω determines the average transverse momentum of partons, i.e., k 2 ⊥ = ω 2 ; m is the mass of the concerned meson; m q 1 (m q 2 ) is the constituent mass of the decaying (spectator) quark carrying a gluon cloud; N m is a normalization factor determined by
The form factors at zero momentum transfer are given by [30] where σ
z,y are Pauli matrixes acting on the spin indices of the decaying quark q 1 . It has been shown [30] that the form factors are sensitive to the choice of parameter ω.
And it is argued [30] that parameter ω is not expected to be largely different for various Table II. In addition, from the numbers in Table II , it is seen that (1) the form factors increase as parameter ω increases, due to the fact that the overlap between wave functions of B * c and B q mesons increases as parameter ω increases, as shown in Fig.2 . (2) The flavor symmetry breaking effects on form factors are small, but the isospin symmetry is basically held. (25) and Eq. (26)). 
III. NUMERICAL RESULTS AND DISCUSSION
In the rest frame of the B * c meson, branching ratios are defined as 
where α em is the fine-structure constant of electromagnetic interaction; k γ is the photon momentum in the rest frame of initial state; µ h is the M1 moment of B * c meson. There are plenty of theoretical predictions on Γ(B * c →B c γ), for example, the numbers in Tables 3 and  6 in Ref. [2] . However, these estimations still suffer from large uncertainties due to our lack of a precise value for µ h . To give a quantitative evaluation, Γ B * c = 50 eV will be fixed in our calculation for the moment. The value of 50 eV seems reasonable since it is close to the value given by the potential model (PM) which produces good agreement with experiment for the measured J/ψ → η c γ decay rate. The value for the charm quark magnetic moment µ c obtained from the charmonium M1 decay width can now be used to predict the B * c → B c γ decay width, with a very small b quark magnetic moment µ b = −0.06 µ N given in Ref. [2] .
The numerical values for other input parameters are listed in Table III . Unless otherwise stated, their central values will be fixed as the default inputs. Our numerical results are presented in Table IV . The following are some comments.
(1) According to the relative sizes of coefficients a 1,2 and CKM factors, the B * c → B q V , B q P decays could be classified into six cases (see Table IV ). There is a clear hi- 
Gegenbauer moments at the sacle of µ = 1 GeV (y 2 − 1)/y ≈ 0.4, resulting in the polarization fractions f 0 ≈ 60%, f + ≈ 30% and f − ≈ 10% [8] . This fact might imply that possible background from the B * c → BV , BP decays could be safely neglected for an analysis of the B c → B q P , B q V decays, but not vice versa, i.e., one of main pollution for the B * c → B q V , B q P decays would likely come from the B c decays. (5) It is seen clearly that the numbers in Table IV are very sensitive to the choice of the parameter ω. In addition, with a different value for Γ B * c , branching ratios in Table IV should be multiplied by a factor of 50 eV/Γ B * c . Of course, many factors, such as the choice of scale µ, higher order corrections to HME, q 2 -dependence of form factors, final state interactions, etc.,
are not carefully considered in detail here, but have effects on the estimation and deserve more dedicated study in the future.
IV. SUMMARY
With the running and upgrading of the LHC, there are certainly huge amounts of the 
